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ABSTRACT unweighted networks through a generalization of the cardinality

Several important complex network measures that helped discover-CONcept of a set of weighted edges. The key observation here is

ing common patterns across real-world networks ignore edge weigh I’?t many Teasures Sf unV}/eighted_ nehtwprks use th_e cardinality
an important information in real-world networks. We propose a the IS'Z? 0 ngg su S‘?‘ Oh N gesbln tfelzjcomputgtlon. For eg_
new methodology for generalizing measures of unweighted net- art?p e}’ the node ifgr_ee 's:‘ N nu(;n _erﬁ € gesblnm ent tr? a node.
works through a generalization of the cardinality concept of a set The clustering coe |C|gnt ot a node Is the ratio between the num-
of weights. The key observation here is that many measures of un-P€r Of €dges between its neighbors and the number of all possible
weighted networks use the cardinality (the size) of some subset ofEdQes among th_e nelghbé_riv.Ve propose here theffective c.ardl-
edges in their computation. For example, the node degree is thena“ty metric, which quantifies how many edges are effectively be-

number of edges incident to a node. We definegtfective cardi- ing l_J_sed among a_set 9f weighted (_adges. I_3y §imply replacing the
nality, a new metric that quantifies how many edges are effectively trgdltlonal (?ardlnallty with the effective cardlnallty, one can gener-
being used, assuming that an edge’s weight reflects the amount of2lize Unweighted network measures to take weights into account.
interaction across that edge. The centra_l assumptlon here is that an edge’s weight reflects the
We prove that a generalized measure, using our proposed effec-2mount of interaction across that edge. .
A generalization of unweighted network measures that still up-

tive cardinality metric, reduces to the original unweighted measure holds th . f iahted K

if there is no disparity between weights. This property ensures that olas t, e properties ot unweigt te. nc_eror measures (as. We prove

laws that govern the original unweighted measure will also govern regarding our generalization) is significant, because it bridges the
Jap between the extensive research made using the unweighted net-

the generalized measure when weights are equal. We also prov K d th h iahted K h
that our generalization ensures a partial ordering among sets of VOrk measures and the research on weighted networks. Further-

weighted edges that is consistent with the original unweighted mea- more, It ?Ilowsl mo:je ac_:curate a_n?]lys(;s of theknetworks thalt: were
sure, unlike previously developed generalizations. We illustrate Préviously analyzed using unweighted network measures. For ex-
the applicability of our method by generalizing four unweighted ample, itis known that the degree distributions of several real world

network measures: the node degree, the clustering coefficient, thenetworks are consistent with the power law [7]. However, if one

dyadicity, and the heterophilicity. As a case study, we analyze four takes the_ d|_spa_r|ty of interactions into accoun_t, will “?“E"t've
real-world, weighted, social networks using one of our generalized degree distributions of these networks be consistent with the power

measures: the C-degree. The analysis shows that the distributionla\q’_’; h b | lize th ‘
of the generalized degree follows a similar pattern to the traditional ere have been several attempts to generalize the measures o

degree but with steeper decline. There is also a common patternunweightecj networks (or at least some of them) to account for
weights [4, 5, 1, 15]. Most of the previous work focused on gen-

governing the ratio between the generalized degree and the tradi-">'9"* I'"» < ; 2
tional degree. eralizing individual measures, such as the clustt_ar_lng coefﬁ_uents
[4, 15]. Perhaps the most related work in generalizing unweighted
network measures is the ensemble approach [1]. The first step
1. INTRODUCTION in the ensemble approach was randomly generating a collection
Several important complex network measures that helped dis- of unweighted networks from the original weighted network (an
covering patterns common in real-world networks [17, 3, 16] ig- edge was generated proportional to its weight). The desired (un-
nore edge weights, an important information in real-world networks. weighted) measure was computed for each network in the ensemble
We propose here a new methodology for generalizing measures ofand then averaged to produce the generalized measure.
*A pre-print, up-to-date, longer version of the paper is available | We provide here a g.eneralization methodology that applies toa
through arXiv, arxiv:0905.4169v1 arge nu_mber of unweighted measures. More |n_1portantly, unlike
the previous attempts, we prove that our generalized measures be-
come identical to the original unweighted measures if there is no
disparity between weights (i.e. all weights are equal). This prop-
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sets of weighted edges that is consistent with the traditional cardi- w(u) >> eandVv # u : w(v) = e. In other words, the
nality. Intuitively this means that the smaller the disparity between effective cardinality is almost one when all edges, except one
weights, the closer the generalized measure is to the unweighted edge, have almost zero weights.
measure. This point will become clearer in Section 3 where we
discuss in detail the different properties of the effective cardinality.
We illustrate the applicability of our method by generalizing four
unweighted network measures that has been used in the literature to
discover interesting network patterns: the node degree, the cluster-
ing coefficient, the dyadicity, and the heterophilicity. Furthermore,
as a case study, we analyze four real world weighted networks using
our generalization of the degree measure and show that the power-
law still holds for the generalized degree but with steeper decline
than the traditional degree distribution. We also report an interest-
ing pattern that govern the ratio between the generalized degree and

the traditional degree. The intuition of the three properties can be clarified through the

The paper Is organizqd as foI_Iows. S_ection 2 describes our pro- following example. Suppose there are four sets of edges with corre-
posed effective cardinality metric. Section 3 discusses and Provesqhonding sets of weightdy = {5, 5, 5,5}, Wa = {9,5,5, 1}, W =

intere;ting properties‘of our proposed metric. Then in section 4 we {9,8,2,1} andW; = {20 — 3¢, ¢, , ¢} The above properties then

describe some_unwelg_hted networl_< measures and show_how theyrequire the effective cardinality measure to impose the following

can be generalized using the effective cardinality. In Section 5 we rdering: [W1| = ¢(W1) > e(Wa) > c(Ws) > e(Wi) ~ 1. We

discuss in more detail our generalization of the degree measure an‘grove each of these properties in the remainder of this section. Note

analyze four real world weighted networks. We conclude in Section that the ensemble approach [1] made no guarantees with regard to

6. the partial order over sets of weighted edges. For example, the two

set of weightdV, = {9,5,5,1} andWs = {9,8,2,1} will have

2. THE EFFECTIVE CARDINALITY the same generalized degree under the ensemble method. Using the
Let E' = {e1, ...,en} C E be the subset of edges used by a par- €ffective cardinality, the generalized degree (described in detail in

ticular network measure, where= |E’| is the cardinality of this ~ Section 5) ofl¥’5 is strictly higher than the generalized degree of

subset and is the set of all network edges. Lef{e) be the weight Ws.

corresponding to edgec E. We assum&e € E : w(e) > € > 0.

The heart of our methodology is a generalized definition of the car-

dinality of edges that takes weights into account, which we call the

3. Consistent partial order over weighted sets:any function
that maps a set of real numbers (weights) to a single real
number imposes an implicit partial order. The effective car-
dinality imposes, arguably, the simplest partial order that is
consistent with the above two properties. If the two sets of
weighted edges have the same size, the same strength, and
their individual weights are the same except for two edges,
then set with more uniform weights has higher effective car-
dinality. More formal definition of the property is given in
the proof section.

LEMMA 1. The effective cardinality satisfies the maximum car-
dinality property.

effective cardinality PROOF When all the weights are equal to a const@we have
w(e) C 1
. . E - — _
) 0 - o if E' is empty Ve € S emw(o) CIE| |F]
c = , w(e) ocE! ™W\°
Q(ZEEE Toem W) %82 w(e) ) otherwise We then have
The effective cardinality, by definition, is a real number (not dis- o(E') = 2%ecr’ 1B a2 (1E'])
crete as the traditional cardinality). Intuitively, the quant O;‘;(f)w(o) _ lora(IE/)
represents the probability of an interaction over an edgenong ,
: w(e : " = |E]
allthe edgesi®’. The sel{# te € E’} is a probability
Y oerr w(o0) L X L
o h ) w(e) S e w(o) In other words, both the cardinality and the effective cardinality
distribution and the quantity_ . - [ZOEE/ w(o) log, w(e) ] of a weighted set of edges become equivalent when the weights

is the entropy of this probability distribution, which measures the are uniform. The effective cardinality is also maximum in this
disparity between the weights: the more uniform the weights are, case, because the exponent is the entropy of the weight probabil-
the higher the entropy and vice versa. The purpose of the power 2jty distribution (which is maximum when weights are uniform over

is to convert the entropy back to the number of edges that are effec-edges). O

tively being used. The following section discusses and proves the

distinguishing characteristics of the effective cardinality metric. LEMMA 2. The effective cardinality satisfies the minimum car-
dinality property.
3. PROPERTIES OF THE EFFECTIVE CAR- PROOF. When the set of edges is empty, then the effective car-
DINALITY dinality is zero by definition. When all weights are close to zero

except only one weight that is much bigger than zero, then weight
probability distribution is almost deterministic and the entropy is

close to zero, therefore the effective cardinality will be close to

1. O

The effective cardinality satisfies three intuitive properties (proofs
are given shortly after):

1. Preserving maximum cardinality: VE' : ¢(E") < |E'|.
Furthermorec(E’) = |E'| iff Ve € E : w(e) = C, where LEMMA 3. The effective cardinality satisfies the consistent par-
C'is some constant. In other words, the effective cardinality ta| order property.

is maximum when all weights are equal. , , ,
PROOF. Let F] andF; be two (edge) sets such that; | = |F3|

2. Preserving minimum cardinality: ¢(E’) = 0 iff E’ is an (both have the same cardinality). LBtf; and W, be the corre-
empty set. Furthermore(E') is close to 1 iff3u € E’ : sponding sets of weights, whe¥e,., . g, w(el) = 3 oc gy w(e2) =



S (the total weights are equal). Furthermore, |8t; () 3|
n—2, {11)11,11)12} =Wi— VVQ7 {’w21,’w22} = Wy — Wh, where

the '—’ operator is the "set difference" operator (the two sets share
the same weights except for two elements in each set)jand—

wiz2| < |wa1 — waz| (the weights ofW; are more uniform than
the weights ofit2). Without loss of generality, we can assume that
w1l > Wiz andum > waa, thereforewn — w12 < W21 — W22.

We then have

w11 + Wiz w w21 + Wa2
—_— " =1 — = =L
5 2 5
weEW7 | Wa
, therefore
wa1 _ w1 L w11 Wa1
L> "= >"—">=">[—- —>]— =
“5 T g 732~ 5~ 5
where®:2 = [, — ®2L and®2 = [ — 2L, Then from Lemma 4
we haveh(L, “&) > h(L, *3-), or
w11 w11 w11 w11
g2y — (L — 22 g(e — 2
M) - (L - ) lgle - U5 >
w21 w21 w21 w21
— 22 g (22 (L — 22 Ig(e — 2
2 1g(2) — (L - 2 Ig(e - U2

ThereforeH (E1) > H(E>), because the rest of the entropy terms
(corresponding téV; (| W) are equal, and consequentfyF, ) >
C(Ez). D

LEMMA 4. The quantityr(C, z) = —zlg(z)—(C—z)1g(C—
x) is symmetric around and maximizedwmat % forC >z > 0.

PROOF Symmetry around/2: h(C, §+0) = —(§+9)1g(§+
§)— (5 —0)1g(£ —6) = h(C, £ —6). Maximum atc/2: h(C, )
is maximized whena% =0=-1-lgz+1+1g(C —x),
thereforer =C —z= <. O
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4. GENERALIZING UNWEIGHTED
NETWORK MEASURES

In principal, any unweighted network measure which uses the
cardinality of some subset of edges can be generalized using th
effective cardinality. Furthermore, the resulting generalized mea-
sures will inherit the three properties of the effective cardinality.

We here present four example generalizations of unweighted net-

work measures: the degree, the clustering coefficient, the dyadicity,
and the heterophilicity.

A node’s degree is the number of edges incident to the node,
or |E;|, whereE; is the set of edges incident to notleUsing the
effective cardinality metric, a generalization of the degree is simply
¢(F;). The following section presents a detailed analysis of four

real world networks using the generalized degree and discusses its

relationship to the traditional degree.

The clustering coefficient is a measure that quantifies the clus-
tering or connectivity among a node’s neighbors. When averaged
over all nodes, the clustering coefficient represents the connectivity
of the whole network. The clustering coefficient was an important
property for identifying small world networks [17] and is given by
the equation%%, whereN (i) is the set of neighbor-
ing nodes to node, E ;) is the set of edges between the nodes in
N (i), and the functiorC' LIQU E returns the number of edges in
a clique of siz¢d N (¢)[). The generalized clustering coefficient of a

node: using the effective cardinality is simp ngg’gﬁ’l\),(i)l) .

graph equal%, whereFE.,;thin IS the set of edges within
a set of nodes of the same type (a class of nodesyang. is
the expected number of edges within the same class of nodes if
there was no correlation between the node class and the network
structure. Intuitively, the dyadicity measure quantifies the strength
of connections between nodes of the same type and whether it is
above averagé.The heterophilicity of a graph equaiéim,
whereE,.,oss is the set of edges across two classes of nodes and
Nacross 1S the expected number of edges across the two classes if
there was no correlation between the node class and the network
structure. The dyadicity can be generalized, using the effective car-
dinality, to be“Zwithin) and similarly the heterophilicity can be
generalized to b§Pacross)

The following section discusses in detail our generalization of
the degree measure, based on the effective cardinality, and analyzes
four real world networks using this generalization.

5. CASE STUDY: THE CONTINUOUS DE-
GREE, AGENERALIZATION OF THE DE-
GREE MEASURE

A key measurement that has been used extensively in analyz-
ing networks is the degree of a node. The degree distribution is a
common method for summarizing the degrees of all network nodes
into one measure that characterizes complex networks [3, 8, 7].
Implicitly, the degree measure assumes uniform interaction across
each node’s neighbors, similar to other measures of unweighted
networks that ignore any disparity in the weights. This can result
in giving an incorrect perception of tredfectivenode degree. For
example, a person may have 10 or more acquaintances but mainly
interacts with only two of them (friends). Should that person be
considered 2 times more connected than a person with only 5 ac-
quaintances but also interacting primarily with two of them?

Most of the previous work that used the degree measure de-
fined some cutoff threshold in order to either include or exclude a
weighted edge and then computed the degree distribution normally

e[6, 9]. Such an approach, however, does not properly handle the

disparity of interaction among neighbors, but rather approximates
a weighted network with an unweighted network.

Surveying all network measures that were proposed to analyze
weighted networks and had some similarity to the degree measure
is beyond the scope of this paper. Instead, we focus on a sample
of these measures that are mostly related to our contribution (inter-
ested reader may refer to survey papers on the subject such.as [5])
Theweight distributionP(w) is similar to the degree distribution
except that it measures the frequency of a particular edge weight.
The strengthof a node is the summation of all weights incident to
a node and it becomes identical to the node’s degree if all weights
are equal to 1. A more recent work [10] analyzed a graph’s to-
tal weight,y - . w(e), against the graph’s total number of edges,
|E|, over time. That work also analyzed the degree of a nb@e),
against the node’s strengt¥(v). While useful, none of these mea-
sures captured the disparity in interaction between a node and its

2
neighbors. The network measwrgv) = 3_ . (., (%) suc-

cessfully captured the disparity of interaction within a nede].
However, theY” measure is not generalizatiorof the degree mea-
sure as it fails to satisfy the first two properties we define in Section
3. In other words, if the weights are equal, ieneasure of a node

Two recent measures were used to study the correlation between2tere are other network measures that also quantified the strength
the types of nodes (node classes) in a network and the networkof connections within a class (community) of nodes, such as the
structure: the dyadicity and heterophilicity [16]. The dyadicity ofa modularity measure [12].



tist i was a co-author of papérandn, is the number of co-authors
a) network of four nodes, where k is the out-degree of a node for paperk[11].
and r is the continuous out-degree of a node. It was shown that the degree distribution of several real networks
is consistent with the power law [5, 12]. A degree distribution fol-
lows the power law ifP(k) < k~“, wherea is a constant. Figure
2 displays the C-degree distribution (CDD) and the (discrete) de-
gree distribution (DD) for the four collaboration network. The fig-
ure uses log-log scale with the power law fit (based of)[7The
CDD preserves a behavior similar to the traditional degree, but with

10 05 0.9 two scientistg andj reflects the strength of their collaboration and
- : : L . sksh v
‘?“T“T is given by the equatiow;; = 3, e wheres? = 1 if scien-
(a)

1 2 Tk 1138 2 T steeper decline, which is consistent with Lemma 1.
(b)The degree distribution (c)The continuous degree , ,
of the network in (a) distribution of the network in (a) " oD 1 )
——CDD PL fit, «=4.05 ——CDD PL fit, «=5.63|
107 * DD 107" * DD
DD PL fit, a=3.5 DD PL fit, x=3.5

Figure 1: Continuous vs discrete degree distributions.

P(X>degree)
3

P(X>degree)

does not become equal to the node’s degree. 107

Using our definition of effective cardinality, a generalization of o
the degree measure, which we call the continuous degree or the O e 10 1o 0 e 10
C-degree, is given by the following equation:

(a) condensed matter (b) astrophysics

+ CDD

——CDD PL fit, x=3.62
* DD

DD PL fit, x=3.45

DEFINITION 5. TheC-degreeof a nodei in a network isr (i), Rl om0 10
where b —CDD PL fit, 0=3.99

* DD
DD PL fit, 0=2.85 10°

{ 0 if 7 is disconnected

w(e) s(i)
Q(ZEEEi S0 1082 “’(e>> otherwise

P(X>degree)
3 3
P(X>degree)
3

WhereE; is the set of edges incident to nodands(z) is the
strength of node. Figure 1 compares the continuous degree dis-
tribution to the (discrete) degree distribution in a simple weighted
network of four nodes. A node on the boundary has an out degree
of 1, while an internal node has an out degree of 2. Intuitively, how-
ever, only one of the internal nodes is fully utilizing its degree of

2 (the one to the left), while the other node (to the right) is mostly Figure 2: comparing the discrete degree distribution (DD) with the
using one neighbor only. The C-degree measure captures this anQontinuous degree distribution (CDD) for the four collaboration net-
shows that only one internal node has a C-degree of 2 while the o5 The power law fit (PL fit) is also shown with the associatd
other internal node has a C-degree of 1.38. power
The C-degree inherits the three properties we described earlier

with respect to the traditional node degree. The C-degree of a
node is maximum and equals the traditional discrete degree when
all the weights incident to the node are equal. The C-degree of
a connected node is minimum and very close to one if all edges
incident to the node have weights that are almost zero except one
edge that has a weight much larger than zero. And finally, every (0) = @) The degree utilization metric captures the percentage

thing else being equal, a node with more uniform weights incident “\V k(v) " .
to it has higher C-degree than a node with less uniform weights Of links that a node uses effectively, therefore we expect the degree

incident to it. As mentioned earlier, the three properties ensure Utilization to decrease as the degree increases. Figure 3 plots the

,, .
i 10’ o 10
degree degree

(c) network theory (d) high-energy theory

One would expect that as the degree of a node increases, the node
will interact primarily with a smaller subset of neighbors, particu-
larly in social networks where humans have limited communication
capacity. To verify this intuition, we define ttaeegree utilization
metric as the ratio between the C-degree and the degree of a node:

that the four sets of weights/(vl) = {5,5,5,5}, W(v2) = degree utilization against the (discrete) degree for the four collabo-
{9,5,5,1}, W(v3) = {9,8,2,1} andW (v4) = {20 — 3¢, €, ¢, €} ration networks. A common pattern emerges in the four networks.
will have corresponding C-degree respecting the following inequal- FOr low degrees, the degree utilization is relatively high (a node
ity k(vl) = r(vl) > r(©2) > r(v3) > r(vd) ~ 1. with few links makes the best of them). For node degree greater

We have analyzed four real world weighted netwdtkisat cap- than some constant the bias towards high degree utilization dis-
ture coauthorships between scientists. Three of which were ex-aPpears. However, and to our surprisgoaeis observed, which
tracted from preprints on the E-Print Archive [13]: condensed mat- Starts wide at low degrees and gets narrower as the degree increases
ter (updated version of the original dataset that includes data be-(the average degree utilization is plotted as a line in the figure). In
tween Jan 1, 1995 and March 31, 2005), astrophysics, and high_other words, for degrees above some threshold, nodes vary in their
energy theory. The fourth network represents coauthorship of sci- Utilization of their available links. However, this variation reduces
entists in network theory and experiment [14]. The weight between @S the degree increases, while the mean remains relatively stable.

3Available through http://www-personal.umich.edu/ mejn/netdata/ “*Source code available from http://www.santafe.edu/4aronc/powerlaws,
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Figure 3: Scatter plot of a node degree against its degree utilization
for the four collaboration networks. the average utilization per degree
is also plotted.

6. CONCLUSION

We proposed a new methodology for generalizing measures of [16]

unweighted networks by defining treffective cardinalitya new

metric which quantifies how many edges, of a particular subset of
edges, are effectively being used. We illustrated the applicability
of our method by generalizing four unweighted network measures:

the node degree, the clustering coefficient, the dyadicity, and the

[7] A. Clauset, C. Rohilla Shalizi, and M. E. J. Newman.
Power-law distributions in empirical datarXiv e-prints
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2006.

[10] M. McGlohon, L. Akoglu, and C. Faloutsos. Weighted
graphs and disconnected components: patterns and a
generator. IrSIGKDD, pages 524-532, New York, NY,

USA, 2008. ACM.

[11] M. E. Newman. Scientific collaboration networks. II.
Shortest paths, weighted networks, and centrafityys. Rey.
64(1):016132, July 2001.

[12] M. E. Newman and M. Girvan. Finding and evaluating
community structure in networkBhys. Rev. E
69(2):026113, Feb. 2004.

[13] M. E. J. Newman. Coauthorship networks and patterns of
scientific collaborationProc Natl Acad S¢i98:404—-409,
2001.

[14] M. E. J. Newman. Finding community structure in networks
using the eigenvectors of matricéthys. Rev. E74:036104,
2006.

[15] T. Opsahl and P. Panzarasa. Clustering in weighted networks.

Social Networks31(2):155-163, May 2009.

J. Park and A.-L. Barabasi. Distribution of node

characteristics in complex networkroceedings of the

National Academy of SciencE04:17916—17920, Nov. 2007.

[17] D.J. Watts and S. H. Strogatz. Collective dynamics of
‘small-world’ networks.Nature 393:440-442, June 1998.

heterophilicity. Furthermore, we compared the generalized degree

to the traditional degree using four real world networks and showed
that the power-law still holds for the generalized degree but with

steeper decline. We also investigated the ratio between the general-
ized degree and the traditional degree and showed that on average

the ratio is lower bounded, even for nodes with high-degree.
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